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Boundary Integral Formulation for Composite
Laminates in Torsion

G. Davi*and A. Milazzo'
University of Palermo, Palermo 90128, Italy

The three-dimensional elastic stress state in a general composite laminate under twisting load is given. The
analysisis carried out through an integral equation formulation thatis numerically solved by the boundary element
method. The integral representation of the elastic behavior is deduced by means of the reciprocity theorem applied
to the actual response of each ply and the problem’s analytical singular fundamental solutions. The interface
continuity conditions due to perfect bonding are considered to complete the laminate mathematical model. The
method permits the analysis for generally stacked laminates having general shape of the cross section. By virtue of
the formulation characteristics, the stress distributions calculated are not affected by a priori assumptions about
their nature. Numerical applicationsare presented, and the results obtained show that the proposed method allows
an accurate prediction of the complete elastic response coupled with meaningful computational advantages.

Nomenclature

= strain operators

= boundary traction operator

= elasticity matrices

= elasticity stiffness coefficients

= fundamental solution body forces

= laminate length

= shape function matrix

= nodal tractions

= vector of displacements

= displacements in the x;, x,, x3 direction

= boundary tractions

= vector of displacement functions

N7 = fundamental solution displacements and
tractions

= displacement functions

= coordinate system for the laminate, where x3
is equalto z

= boundary normal direction cosines

B

s

SRCE~R~
@

Tz e

Y »n

81, 52, 53

="

Uy, Uy, U3
X1, X2, X3

oy, G

T, = ply section boundary

é = nodal displacements

3 = strain vector

; = strain components

, &3, 0;, Gi3; = fundamental solution strains and stresses
= twisting curvature
= stress vector

i = stress components

= laminate cross section

= ply cross section
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Introduction

HE three-dimensional stress state arising in laminated com-

posites is the main cause responsible for the delamination
phenomenon that significantly affects laminate failure. The accu-
rate prediction of this stress state and, in particular, of interlami-
nar stresses, therefore, is crucial to develop realistic failure criteria
for these currently widely employed structural members. Numer-
ous analysts have approached the problem, and different methods
have been used to obtain numerical or analytical solutions. A class
of laminate solutions was obtained through the finite difference
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technique,!~* which allows the direct solution of the differential

equations governingthe problem. The popularfinite element method
was chosen by many authors*~!* to computeand investigatethe lam-
inate elastic response. The finite element solutions available in the
literature differ from one another in formulation, in the order of the
employed elements, and in the discretization scheme. Many other
methods were also used to solve the problem. A boundary-layer
theory,!*-16 the perturbationtechnique,'” and a solution in the form
of a polynomial'® and Fourier!® series were proposed, and the rel-
ative results are available in the literature. Interesting approaches
based on Lekhnitskii’s stress potential$’®~2* and Reissner’s vari-
ational principle®*?> were proposed and developed. Finally, the
force balance method coupled with the minimum complemen-
tary energy principle?®-?” was also employed to analyze laminate
behavior.

These approaches often satisfy some elasticity relations in an av-
erage sense only or they require aprioristic assumptions about the
structure of the stress field and, in particular, about interlaminar
stresses. Furthermore the results obtained by the aforementioned
methods are, in general, relative to the case of uniform axial action
or pure bending. Twisting problems have not received extensive at-
tention even if torsion represents a principal mode of behavior in
many applications. Some solutions for this load condition are due
to Chan and Ochoa,'!*!> who employed a quasi-three-dimensimal
finite element model, and Yin,?>>?* who determined the torsional in-
terlaminar stresses by a variationalmethod based upon Lekhnitskii’s
stress functions. The integralequationtheory*®? seems to be an ad-
vantageous approach to the problem. Indeed, the characteristics of
integral equation representations allow the pointwise description
of the elastic response as required by the laminate problem. More-
over, the solution of boundary integralmodels proves very attractive
from the computational point of view. Integral equation formu-
lations were presented for both three-dimensionaf’ and two-
dimensionaP!-3? anisotropic general problems, but they are not di-
rectly applicableto the multilayer laminate problem.

In the present paper, the twisting problem of the laminated beam
with arbitrary configuration of the cross section is approached on
the basis of an alternative method.33-3* The problem is formulated
by the boundary integral equations. The integral equations govern-
ing the behavior of each individual ply are directly deduced by ap-
plyingthe Betti reciprocal work theorem. The model is obtained as-
sumingthatthe laminate’s layers obey a generalizedorthotropiclaw.
The exact analytical fundamental solutions of the problem are em-
ployed, and a boundary-only model is obtained by transforming do-
main integrals into boundary integrals. The laminate mathematical
model is recovered from the individual ply integral representation
by enforcing the continuity conditions of the stresses and displace-
ments along the interfaces. The traction-free boundary conditions
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allow one to obtain the problem-resolving system. By so doing, a
formulationthat does not require any a priori assumption or approx-
imation is obtained. Solutions obtained by numerically solving the
present formulation through the boundary element method (BEM)
are presented with the aim of comparingthe results with those exist-
ing in the literature and thus ascertaining formulation accuracy and
efficiency. The complete elastic solution in terms of displacement
and stress fields is also given for typical laminates in torsion.

Ply Elasticity Relations

The composite laminate considered consists of generally stacked
layers perfectly bonded along the interfaces. The laminate, with
length / and cross section 2 of absolutely general shape, is referred
toa coordinatesystem xj, X, X3 = z, as shown in Fig. 1. Each indi-
vidual layer, having cross section €2, of boundary I',,, is considered
as an homogeneous, linearly elastic, and generalized orthotropic
medium. One of the material principal axes of the layer is parallel
to the laminate axis x,. The laminate is subjected to a twisting ac-
tion applied at the laminate’s ends. By virtue of de Saint Venant’s
principle, sufficiently far from the laminate’s ends, the stress field
can be assumed to be independentof the z coordinate. For each ply,
the displacement field s has components given by**

s1 = ui(x1, X2) — 3xpz (1a)
S = uz(Xl, Xz) + 19X12 (lb)
53 = uz(x1, X2) (le)

where the rigid motion terms have been dropped and u,, u,, and u;
are unknown functions of x; and x, only. To satisfy the interface
continuity conditions, the laminate twisting curvature § has to be
the same for all layers. For the displacement field given by Egs. (1),
the strain-displacementrelations can be written as

e /axl 0 0 0
en 0 od/ox, O u 0
e |I= a/a)Q a/axl 0 u, 1+ 0 19
€31 0 0 a/axl Us X
€3 0 0 a/a)Q X1
0 0
= Du+ X]9:6+ X]9 (2a)
e =0 (2b)

The constitutiveequationsof each individualply, referredto the lam-
inate coordinate system, can be conveniently expressed as follows:

o1} Eyw E, 0 Eu4 O
()5} En Epn 0 Ey 0
o=|o, |=| O 0 Ey 0 Ejs |6
Gy Ey, Esy O Eyn O
G2 0 0 Eys 0 Ess
E, O
E, O
+]| 0 E; |X3=Ee+ QX9 (3a)
Ey, O
0 Ess
&
&
Gy =[Es Eyx 0 Ex 0] & |—Ewxxd
&1
&
= Qe _ Exx2 9 (3b)

Finally, the equilibriumequations governing the elastic behavior of
the individual ply are given in €2, by

D'o=0 (4a)

X3=Z
Fig.1 Laminate configuration and coordinate system.
or in terms of displacements
D"EDu=0 (4b)
On the boundary I, the tractions ¢ can be expressed as
D,o=t (5

where, provided that ¢4 and o indicate the direction cosines of the
outward unit normal to the ply section boundary, one has

a 0 o 0 0

D,=|0 o a 0 0 (6)
0 0 0 o o
Ply Integral Equation

Each individual ply, with section €2, bounded by the contour I,
is subjected on the lateral surface to the interlaminar tractions ¢ sat-
isfying the equilibrium equations (5) and depending on x; and x,
only. Let us consider a particular solution of the elasticity problem
relative to the ply loaded by fictitious body forces f; = f;(xy, x),
which do not vary along the longitudinalaxis z. Let this particular
solution, referred in the following as the problem fundamentalsolu-
tion, be associated with a displacementfield u;(x;, x») that satisfies

the equilibrium equations®®-34:36

D"EDu; + ;=0 (7)

in €2,. According to the form of the compatibility and constitu-
tive equations employed in the preceding section, let €, &3, and
0, Gi3; be the strainand stress field related to u; and again let ¢; be
the tractions. The boundary integral equations are obtained by ap-
plying the Betti reciprocal work theorem and using the fundamental
solution given by Eq. (7). Taking Eqgs. (4-7) into account, we have
the following integral relation®:

] (¢s_uD dFe+]
T,

Q, Q.

ijsd.Qe:] (07Ds_g]0)dQ. (8)
Equations (1) imply
Ds = Du ©)]

and so Eq. (8) is satisfied if one simultaneously has

](tfu_uft)dl"e+] ijud.Qe:] (U]T.E_E]TO')(LQE
T,

Q o
(10)
] th.sodFe+] £15yd2, = 0 (11)
L, o
where
st =[9x Ix; 0] (12)

The displacement system s, identifies a rigid motion rotation in the
X1X2 plane, and the body forces f; are equilibratedby the tractionst;:

] thdFe+] 7402, =0 (13)
T, Q,

Thus, the reciprocal work statement (11) is identically satisfied and
the integral representation for the ply elastic behavior is given by
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Eq. (10) only. Taking into account the constitutive equations (3a),
Eq. (10) becomes

] (tju_ujf.t)dre+] ijud.Qe:_Sj e7Q1XdQ, (14)
T Q.

Qe

e

To obtainthe integral equations governingthe problem, the singular
fundamentalsolution due to a concentrated load distributed along a
line parallel to the longitudinal axis and applied in the j direction
is used. The load f; is, thus, characterizedas

f,=¢, &P _P) (15)

in which P, is the load applicationpoint in the ply cross section and
A P _ Py) is the Dirac function. With this assumption, from Eq.
(14) one obtains
I u(P)+ ] (u_ulDdl, = _9] £QXd0  (16)

Q

L.

where

L.

cj:] ﬂd_Qe:_] t;dT, (17)
Q

Equation (16) is the integral equation governing the behaviorof the
individual ply and, together with the interface continuity conditions
and the prescribed boundary data, it should be sufficient to charac-
terize the laminate elastic response. The domain integrals involved
in evaluating the right-hand side of Eq. (16) can be converted into
boundary integrals over I',. To obtain this goal, let us consider a
particular solution’s of the ply governing equations

;‘1 = Dl _19)622 (183.)
;‘2 = az + 19X12 (18b)
5= 1is (18c¢)

By writing Eq. (16) for this particular solution, one obtains

cj.a(Po)+] (tj.a_uj?)dre:_é}] e1QIXdQ, (19
T

Qe

which allows one to reduce Eq. (16) as follows:

cju(P0)+] (tju_ujt)drezcj.a(POH] (Fu_ 7o) dT,
T, I

(20)

Equation (20) represents the final form of the integral equation em-
ployed for the problem solution, and it evidences the boundary-only
character of the model proposed.

BEM Model

The boundaryintegralformulationdiscussedin the precedingsec-
tion is solved by the classical BEM. Once the ply section boundary
has been discretized by boundary elements, the unknown displace-
ment functions u and tractions ¢ can be expressed using their nodal
values

u= NS (21a)
t=Np 21b)

where N is a matrix of properly selected shape functions and & and
pdenote vectors of displacement functionand tractionnodal values,
respectively. Consideringthe three independent load directions j =
1, 2, 3, the discretized boundary integral equations are obtained for
the source point Py:

e

cxu( Py) +] t*NdFeé_] uxNdTl, p
L L

e

= cu( Py) + ] (tFu _ ux)dT, (22)

where

c*k= [C,’j]T, u*x = [M,’j]]—, tr—= [tij]Ta l,]: 1,2,3
(23)
and u;; and ¢; are the components of displacements and tractions
of the three fundamental solutions (see Appendix). The particular
solution s needed to express the right-hand side of Eq. (22) can
be sought in the form of polynomials, and hence, according to the

anisotropic elasticity theory, one has?!
u = %Kuxlz + Kioxix + Kigx) + %(K,%z —K)x; + %Kz&xz
(24a)
uy = Ky x4+ %Kzzxf + KXo + %(KSI —Kp)xi + %K,%GXI
(24b)

Uy = %K“xf + %(K42 + Hxix; + Kaexi + %Kszxf + Ksox2

(24c)

In the preceding expressions, one has to set
K1 =2Cjia1 + 6Cjra, _2Cj3a3 + Cjsas _2Cjsas (25a)
Kj» = 6Cjia6 + 2Cjra3 _2Cj3a; + 2Cj4a; _Cjsay (25b)
K6 = 2Cj1as + 2Cjay _Carg + Cpuay —Cysapn (25¢)
where the modified compliances C,, are defined as
[C]=E- (26)

The constants a;(i = 1, ..., 12) appearing in Egs. (25) can be ar-
bitrarily assigned provided that they satisfy the following equation:

—2(Ci5 + Cuz)a; —6Cssa, 4+ 2(Coy + Cs3)az
_2Cs4a4 + 2Cssas + 6Caas + 2Cyya; = _29 (27)

Collocating Eq. (22) at each nodal point, a set of linear algebraic
equations is obtained that describes the boundary behavior of the
considered ply. By the enforcement of the interfacial continuity
conditions and the prescribed boundary data and considering all
of the layers that constitute the laminate, one deduces all of the
relationsdesiredto solve the problem. The fundamentalrequirement
of vanishing shear stress at the free edge interface junction can be
taken into account by means of linear combinationsof the equations
written at the interface corners>* Once the boundary solution is
determined, Eq. (20) gives the displacementsat the laminate generic
point Py. The strains at the generic ply point P, can be calculated
in a pointwise fashion by differentiationof Eq. (20) with respect to
the source point Py, and consequently, the stresses can be obtained
from the following integral relations:

O':E{] Txu_u)dl, _] U*(t_?)dF€+E(P0)}
I, I,

+ Q1 X§ (28a)

Oy = Qz{] THu_u)drI, _] Uxt_t)dl, + E(PO)}
T T,

e e

—_ E45X2 19 (28b)

The kernels T+ and U (see Appendix) are obtained by applying
the strain operator D* = Dc*" to t*and ux respectively, whereas
€ is obtained by applying the strain operator D to the particular
displacement function vector u.

Numerical Applications
The method was applied to some typical laminate configura-
tions to determine the elastic response under twisting loads. Be-
cause of the crucial role played by the interlaminar stresses in lam-
inate failure, particular care was devoted to the calculation of the
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interlaminar stress distributionsfor which some results are available
in the literature * The laminates considered for the analysis con-
sist of plies with rectangular cross section having thickness /# and
width 2b = 16Ah. The material properties in gigapascalare those of
graphite/epoxy fiber-reinforced laminae:

ELL = 1379, E]-]- = ESS = 145
(29)

Gir=Grs=Grs=35.9,

where the subscripts L, T', and S refer to the along fiber, thickness,
and width directions. The numerical results presented in this sec-
tion were obtained by using an expressly developed computer code.
The ply’s influence coefficients are calculated through an adaptive
Gaussian quadrature scheme, which allows one to resolve the ker-
nel singularitiesnumerically.’” The contributiondue to the twisting
curvature 6, i.e., the right-hand side of Eq. (22), is calculated by
using a particular solution's, which was obtained from Egs. (24)
and (25) specifying

Vir = Vs = Vg = 0.21

as = _(9/C55) (30)

and all of the other constants g; equal to zero. The formulation
proposedexactly satisfies all of the elasticity relations and boundary
conditions, and hence, the numerical solution given by the BEM is
actually consistent. Therefore, the accuracy of the resulting solution
depends on the mesh refinement only. The mesh arrangement used
to obtain the results presented is shown in Fig. 2. The boundary of
each individual ply is discretized by 104 boundary elements with
linear interpolation functions. By virtue of the symmetries inherent
in the laminates under considerationand in the loading conditions,
only a quarter of the laminate cross section may be considered in
the analysis with the appropriate boundary symmetry conditions
imposed along the x; and x; axes. Here, also for standard symmetric
laminates, the entire cross section was discretized with the aim of
testing confidence in the method in view of more complex analyses.
Prescribed displacement conditions on the displacement functions
umust be superimposedto eliminate the unconstrainedrigid motion
of the cross section.

In Fig. 3 the interlaminar stresses at the top interface of the [45
_45] s configuration are shown for a half-width of the laminate by
virtue of the stress field symmetries. The comparison with the results
of Yin® proves the accuracy of the present solution and suggests

Number of elements for each ply = 104

m
ium —+—+ t t t t + t t + t + + ——t
N L L L L | L L L : s ' L

i I
Hrt——— t t t T t t t t t t + ———HHHt

Fig.2 Boundary element mesh for each individual ply.
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Fig.3 Interlaminar stress distributions for the [45/__45] s laminate in
torsion.
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Fig.4 Interlaminar stress distribution for the [0/90] s laminate in tor-
sion.
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Fig. 6 Cross section deformed shape for the [45/__45] ¢ laminate in
torsion, z= 0.

Fig.7 Displacement field for the [0/90] g laminate in torsion, z= 0.
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that the integral equation solution better describes the stress field
behavior near the free edge.

In Fig. 4 the sole interlaminar stress 33 existing in the [0/90]
configuration is shown as a function of the width at the 0/90
interface. Again the comparison with the results of Yin?* confirms
the accuracy of the method. The efficiency exhibited by the calcula-
tions worked outand the accuracy of the results obtained meaningful
evidence of computationaladvantages of the present method. In the
case of four-layer laminates, execution of the computer code takes

u1/6b

u2/6b 0

Fig.8 Displacement field for the [45/__45] s laminate in torsion, z= 0.

x10™

611103/0 b [MPa]

T T

62,103/6 b [MPa]
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about 50 s on a personal computer. Moreover, the comparison of
the solution presented with those already available establishes con-
fidence in the method and the computer code for their use in the
analysis of general configurations. For the laminates considered, a
complete analysis of the elastic response was also carried out cal-
culating the displacement and stress field in a pointwise fashion by
means of Egs. (22) and the discrete form of Eqgs. (28).

In Figs. 5 and 6 the cross section deformed shapes at z = 0
for the two, four-ply, symmetric [0/90]s and [45/ _45] s laminates
are shown, respectively. These results, like those presented in the
following for the stress fields, were obtained considering, for each
ply, 96 internal points where the displacement and stress integral
relations were numerically evaluated through Gaussian quadrature
starting from the determined boundary solution.

The displacementcomponentdistributionsfor the same laminates
are showninFigs. 7and 8. The stress fields are depicted in Figs. 9 and
10. The interlaminar stress distribution near the free edge indicates
that a twisting deformation 6 produces a very large mode III inter-
laminarstress. This trend is susceptibleto delaminationfailureunder
the shear fracture modes. The proposed method can be straightfor-
wardly extended to the analysis of damage initiation and progres-
sion releasing the interface continuity conditions. The efficiency
demonstratedinthe calculationsof'the elastic responsefor the whole
laminate suggests that the alternative method presented here for the
analysis of composite laminates in torsion could be successfullyap-
plied to more complex and realistic cases, coupling high accuracy
and considerable computational convenience.

63103/0b [MPa] 2
4 o
-2

Fig.9 Stress field for the [0/90] s laminate in torsion, z= 0.

6,,103/6b [MPa]

15
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2
0
-2
x10™
013103/6b [MPa]
e e 2
0
-2
631103/ b [MPa] 10
R st 5
0
-5

032103/0b [MPa]

Fig. 10 Stress field for the [45/__45] g laminate in torsion, z= 0.
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Conclusions

The solutionof'the elasticity problem fora generalcomposite lam-
inate undertwisting loadsapplied at the laminate’s ends is presented.
The formulationofthe problem is based on the integral equationthe-
ory, and the governing integral equations are deduced. The model
obtained using this alternative approach solves exactly the problem
by virtue of the complete fulfillment of all of the elasticity relations
and boundary conditions involved in the problem’s description. As a
consequence, the numerical solution of the formulationthrough the
BEM leads to solutions for this class of composite laminates that
are consistent because they depend on the mesh refinement only.
Some solutions for typical laminate configurations were obtained,
and the calculations performed evidenced the presence of meaning-
ful computational advantages of the proposed method. Moreover,
the comparison of the present results with those already available
in the literature proves the accuracy of the solutions obtained and
establishes confidence in the method for its application to general
configurations. In conclusion, the exhibited features indicate the
proposed alternative approach as a powerful tool to investigate the
elastic response of laminated composites in torsion.

Appendix: Fundamental Solutions

The kernels involved in the integral equations for displacements
[Eq. (20)] and stresses [Egs. (28)] are obtained from the solution of
the following equilibrium equations:

DTEDHJ'-FC]'&P_P()):O (Al)
in £2,, where the vector ¢; contains the load components and
A P _ Py) indicatesthe Dirac function. Accordingto the anisotropic

elasticity theory, the solutionsof Eq. (A1), 1.e., the problem funda-
mental solutions, depend on the roots of the characteristic equation

aX +bX¥ +cA+d=0 (A2)

where
a=CCy _C}, (A3)
b =2C14(Cay 4 C35) —C1;Css —Cys(2C11+ C33)  (Ad)
¢ = C»Cu + Cs5(2C12 4+ C33) _(Cara + C5)* (A5)
—_C»nCss (A6)

In the case of distinct and positive roots A;, one has

uij @By @By @B || A4
uj = | uz; |= l//Ile l//szz l//3323 Azj (A7)
us; aBs @By (B3 Az

where for j = 1 and 3, the functions ¢ and y; are given by

@(P, P) = (lar)/27 (A8)
—Jtan—' (\/ Ayl )] [2m\ /A (A9)
whereas for j = 2, one has to set

@(P, B) = _[tan~' (\[Ay/ WA [27 (A10)
Wi( P, Po) = (bar) 270 (Al1)

l//l(Pa PO):

In the preceding relations, the following definitions are valid:
x=x1(P) _xi1(R) (A12)

V= x(P) —x2(Ry) (A13)

1= A4 A2 (A14)

where P is the observed point and P, is the source point where the
load is applied. Again one has to set

B, = Cy —Cpl A4 + Cuyi (A15)
By = Ciy —Cl X + Cou % (Al6)
By = Cis —Coul A + Cua ¥ (A7)
where
Cudi —Cry _Css
== Al8
W= T —Cun (A9
For j = 1 and 3, the coefficients 4;; are given by
— —
1 1 1
IR
whereas for j = 2, they ate given'by
_ 1
s B \? Blzr\? an 0
A= | 4 =] Y e | (A20)

24 BS

- o2
<§H|

Ay j

The traction kernels can be expressed as

tlj_ A
ti=|5 |=| IL (A21)
b ni 7/2A2 %Az

where for j = 1 and 3,

A= _(xa + yoo) 270 (A22)
Il = (xao — Ayan) [ 2mh;r? (A23)
whereas for j = 2,
A= (Ayoy _xae)[2mr? (A24)
I = _(xaq + yos) 27} (A25)

For P, belonging to €2, the fundamental solutions are, in general,
obtained by setting ¢;;(Py) = &;, where §; is the Kronecker sym-
bol. Upon this condition, if Py lies on a smooth boundary, one has
cij(Py) = &,/2. Thekernels Ux = [U;;] and T*= [7;;] involved in
the integral relations (28), providing the stresses at the source field
point, can be defined in terms of their columns as follows:

Ug
Uz
Uj*: U3>']<
Uz
Us
Bug Bu§ Bl3g
By G B»§ B»G Ay
= (311)«1_321)%1 (312)«2_322)%2 (313)-3_323)%3 Ay
B3 G BnG By;G A
By iy By B3

(A26)
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Tis Uil > Ui
Tﬁ —771 _Tb _Th Alj
T A+1 A+1 A+1
Tx=115 |= P H ) Ho W || A
Ty ) 2 A 4,
T i B 7 N
Y Vit Pk Vakls
- (A27)
where for j = 1 and 3, one has
(x2 _ Ay oy + 2xya
n=_ ~ 2 (A28)
2xy0q —(x* _AyD o
= — . - (A29)
G=x[r? (A30)
x=y[r? (A31)
whereas for j = 2, one has
24 2 _ Y
= Aixyay _(i —Aiy*os (A3)
T
A2 _ Ay on + 2xyce
= — ~ - (A33)
G=_Ab[rd (A34)
%= x[r? (A35)

In the case of a cross-ply composite laminate, by virtue of the ma-
terial symmetry in each ply, the fundamental solutions are recov-
ered through a suitable limit procedure applied at the preceding
relations 3¢
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