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Boundary Integral Formulation for Composite
Laminates in Torsion

G. DavÁõ ¤ and A. Milazzo²

University of Palermo, Palermo 90128, Italy

The three-dimensional elastic stress state in a general composite laminate under twisting load is given. The

analysis is carried out throughan integral equation formulationthat is numerically solved by the boundaryelement
method. The integral representation of the elastic behavior is deduced by means of the reciprocity theorem applied

to the actual response of each ply and the problem’s analytical singular fundamental solutions. The interface
continuity conditions due to perfect bonding are considered to complete the laminate mathematical model. The

method permits the analysis for generally stacked laminates having general shape of the cross section. By virtue of
the formulation characteristics, the stress distributions calculated are not affected by a priori assumptions about

their nature. Numerical applicationsare presented, and the results obtained show that the proposed method allows
an accurate prediction of the complete elastic response coupled with meaningful computational advantages.

Nomenclature
D, X = strain operators
Dn = boundary traction operator
E, Q1, Q2 = elasticity matrices
Ei j = elasticity stiffness coef® cients
f j = fundamental solution body forces
l = laminate length
N = shape function matrix
p = nodal tractions
s = vector of displacements
s1, s2 , s3 = displacements in the x1, x2, x3 direction
t = boundary tractions
u = vector of displacement functions
u j , t j = fundamental solution displacements and

tractions
u1, u2, u3 = displacement functions
x1, x2, x3 = coordinate system for the laminate, where x3

is equal to z
a 1, a 2 = boundary normal direction cosines
C e = ply section boundary
± = nodal displacements
" = strain vector
e i j = strain components
" j , e 33 j , ¾ j , r 33 j = fundamental solution strains and stresses
h = twisting curvature
¾ = stress vector
r i j = stress components
X = laminate cross section
X e = ply cross section

Introduction

T HE three-dimensional stress state arising in laminated com-
posites is the main cause responsible for the delamination

phenomenon that signi® cantly affects laminate failure. The accu-
rate prediction of this stress state and, in particular, of interlami-
nar stresses, therefore, is crucial to develop realistic failure criteria
for these currently widely employed structural members. Numer-
ous analysts have approached the problem, and different methods
have been used to obtain numerical or analytical solutions. A class
of laminate solutions was obtained through the ® nite difference
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technique,1±3 which allows the direct solution of the differential
equationsgoverningtheproblem.The popular ® nite elementmethod
was chosenbymany authors4±14 to computeand investigatethe lam-
inate elastic response. The ® nite element solutions available in the
literature differ from one another in formulation, in the order of the
employed elements, and in the discretization scheme. Many other
methods were also used to solve the problem. A boundary-layer
theory,15 , 16 the perturbation technique,17 and a solution in the form
of a polynomial18 and Fourier19 series were proposed, and the rel-
ative results are available in the literature. Interesting approaches
based on Lekhnitskii’s stress potentials20±23 and Reissner’s vari-
ational principle24 , 25 were proposed and developed. Finally, the
force balance method coupled with the minimum complemen-
tary energy principle26 , 27 was also employed to analyze laminate
behavior.

These approachesoften satisfy some elasticity relations in an av-
erage sense only or they require aprioristic assumptions about the
structure of the stress ® eld and, in particular, about interlaminar
stresses. Furthermore the results obtained by the aforementioned
methods are, in general, relative to the case of uniform axial action
or pure bending. Twisting problems have not received extensive at-
tention even if torsion represents a principal mode of behavior in
many applications. Some solutions for this load condition are due
to Chan and Ochoa,11 , 12 who employed a quasi-three-dimensional
® nite element model, and Yin,22 , 23 who determined the torsional in-
terlaminarstressesby a variationalmethodbaseduponLekhnitskii’s
stress functions.The integralequationtheory28, 29 seems to be an ad-
vantageous approach to the problem. Indeed, the characteristicsof
integral equation representations allow the pointwise description
of the elastic response as required by the laminate problem. More-
over, the solutionof boundary integralmodels provesvery attractive
from the computational point of view. Integral equation formu-
lations were presented for both three-dimensional30 and two-
dimensional31 , 32 anisotropic general problems, but they are not di-
rectly applicable to the multilayer laminate problem.

In the present paper, the twisting problem of the laminated beam
with arbitrary con® guration of the cross section is approached on
the basis of an alternative method.33 , 34 The problem is formulated
by the boundary integral equations. The integral equations govern-
ing the behavior of each individual ply are directly deduced by ap-
plying the Betti reciprocalwork theorem. The model is obtainedas-
sumingthat the laminate’s layersobeya generalizedorthotropiclaw.
The exact analytical fundamental solutions of the problem are em-
ployed, and a boundary-onlymodel is obtainedby transformingdo-
main integrals into boundary integrals. The laminate mathematical
model is recovered from the individual ply integral representation
by enforcing the continuity conditions of the stresses and displace-
ments along the interfaces. The traction-free boundary conditions

1660



DAVÁI AND MILAZZO 1661

allow one to obtain the problem-resolving system. By so doing, a
formulation that does not requireany a priori assumptionor approx-
imation is obtained. Solutions obtained by numerically solving the
present formulation through the boundary element method (BEM)
are presentedwith the aim of comparingthe results with those exist-
ing in the literature and thus ascertainingformulation accuracy and
ef® ciency. The complete elastic solution in terms of displacement
and stress ® elds is also given for typical laminates in torsion.

Ply Elasticity Relations
The composite laminate consideredconsists of generally stacked

layers perfectly bonded along the interfaces. The laminate, with
length l and cross section X of absolutelygeneral shape, is referred
to a coordinatesystem x1, x2 , x3 = z, as shown in Fig. 1. Each indi-
vidual layer, having cross section X e of boundary C e , is considered
as an homogeneous, linearly elastic, and generalized orthotropic
medium. One of the material principal axes of the layer is parallel
to the laminate axis x2 . The laminate is subjected to a twisting ac-
tion applied at the laminate’s ends. By virtue of de Saint Venant’s
principle, suf® ciently far from the laminate’s ends, the stress ® eld
can be assumed to be independentof the z coordinate.For each ply,
the displacement ® eld s has components given by35

s1 = u1(x1, x2) ¡ " x2z (1a)

s2 = u2(x1, x2) + " x1z (1b)

s3 = u3(x1, x2) (1c)

where the rigid motion terms have been dropped and u1 , u2 , and u3

are unknown functions of x1 and x2 only. To satisfy the interface
continuity conditions, the laminate twisting curvature " has to be
the same for all layers. For the displacement ® eld given by Eqs. (1),
the strain-displacementrelations can be written as
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The constitutiveequationsof each individualply, referredto the lam-
inate coordinate system, can be conveniently expressed as follows:
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Finally, the equilibriumequations governing the elastic behaviorof
the individual ply are given in X e by

DT ¾ = 0 (4a)

Fig. 1 Laminate con® guration and coordinate system.

or in terms of displacements

DT EDu = 0 (4b)

On the boundary C e, the tractions t can be expressed as

Dn¾ = t (5)

where, provided that a 1 and a 2 indicate the direction cosines of the
outward unit normal to the ply section boundary, one has

Dn = é
êë
a 1 0 a 2 0 0

0 a 2 a 1 0 0

0 0 0 a 1 a 2

ù úû
(6)

Ply Integral Equation
Each individual ply, with section X e bounded by the contour C e ,

is subjected on the lateral surface to the interlaminar tractions t sat-
isfying the equilibrium equations (5) and depending on x1 and x2

only. Let us consider a particular solution of the elasticity problem
relative to the ply loaded by ® ctitious body forces f j = f j (x1, x2),
which do not vary along the longitudinal axis z. Let this particular
solution,referred in the following as the problem fundamental solu-
tion, be associatedwith a displacement ® eld u j (x1 , x2) that satis® es
the equilibrium equations33, 34, 36

DT EDu j + f j = 0 (7)

in X e . According to the form of the compatibility and constitu-
tive equations employed in the preceding section, let " j , e 33 j and
¾ j , r 33 j be the strain and stress ® eld related to u j and again let t j be
the tractions. The boundary integral equations are obtained by ap-
plying the Betti reciprocalwork theorem and using the fundamental
solution given by Eq. (7). Taking Eqs. (4±7) into account, we have
the following integral relation34:

* C e

(tT
j s ¡ uT

j t) dC e + *
X e

f T
j s dX e = *

X e

(¾T
j Ds ¡ "T

j ¾) dX e (8)

Equations (1) imply

Ds = Du (9)

and so Eq. (8) is satis® ed if one simultaneouslyhas

* C e

(tT
j u ¡ uT

j t) d C e + *
X e

f T
j u dX e = *

X e

(¾T
j " ¡ "T

j ¾) dX e

(10)

* C e

tT
j s0 d C e + *

X e

f T
j s0 dX e = 0 (11)

where

sT
0 = [ ¡ " x2 " x1 0] (12)

The displacement system s0 identi® es a rigid motion rotation in the
x1x2 plane, and thebody forces f j are equilibratedby the tractionst j :

* C e

tT
j d C e + *

X e

f T
j dX e = 0 (13)

Thus, the reciprocalwork statement (11) is identically satis® ed and
the integral representation for the ply elastic behavior is given by
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Eq. (10) only. Taking into account the constitutive equations (3a),
Eq. (10) becomes

* C e

( tT
j u ¡ uT

j t) dC e + *
X e

f T
j u dX e = ¡ " *

X e

"T
j Q1X dX e (14)

To obtain the integral equationsgoverningthe problem, the singular
fundamental solution due to a concentrated load distributed along a
line parallel to the longitudinal axis and applied in the j direction
is used. The load f j is, thus, characterizedas

f j = c j d (P ¡ P0) (15)

in which P0 is the load applicationpoint in the ply cross section and
d ( P ¡ P0) is the Dirac function. With this assumption, from Eq.
(14) one obtains

cT
j u(P0) + * C e

(tT
j u ¡ uT

j t) d C e = ¡ " *
X e

"T
j Q1X dX e (16)

where

c j = *
X e

f j dX e = ¡ * C e

t j d C e (17)

Equation (16) is the integral equation governing the behaviorof the
individual ply and, together with the interface continuity conditions
and the prescribed boundary data, it should be suf® cient to charac-
terize the laminate elastic response. The domain integrals involved
in evaluating the right-hand side of Eq. (16) can be converted into
boundary integrals over C e . To obtain this goal, let us consider a
particular solution Ås of the ply governing equations

Ås1 = Åu1 ¡ " x2z (18a)

Ås2 = Åu2 + " x1z (18b)

Ås3 = Åu3 (18c)

By writing Eq. (16) for this particular solution, one obtains

cT
j Åu(P0) + * C e

(tT
j Åu ¡ uT

j
Åt ) d C e = ¡ " *

X e

"T
j Q1X dX e (19)

which allows one to reduce Eq. (16) as follows:

cT
j u( P0) + * C e

(tT
j u ¡ uT

j t) d C e = cT
j Åu(P0) + * C e

(tT
j Åu ¡ uT

j
Åt ) dC e

(20)

Equation (20) represents the ® nal form of the integral equation em-
ployed for the problemsolution,and it evidences the boundary-only
character of the model proposed.

BEM Model
The boundaryintegralformulationdiscussedin the precedingsec-

tion is solved by the classical BEM. Once the ply section boundary
has been discretized by boundary elements, the unknown displace-
ment functions u and tractions t can be expressedusing their nodal
values

u = N± (21a)

t = Np (21b)

where N is a matrix of properly selected shape functions and ± and
p denote vectors of displacementfunctionand tractionnodal values,
respectively.Considering the three independentload directions j =
1, 2, 3, the discretized boundary integral equations are obtained for
the source point P0:

c¤ u(P0) + * C e

t¤ N d C e± ¡ * C e

u ¤ N d C e p

= c ¤ Åu( P0) + * C e

(t ¤ Åu ¡ u ¤ Åt )dC e (22)

where

c¤ = [ci j ]
T , u¤ = [ui j ]

T , t¤ = [ti j ]
T , i, j = 1, 2, 3

(23)
and ui j and ti j are the components of displacements and tractions
of the three fundamental solutions (see Appendix). The particular
solution Ås needed to express the right-hand side of Eq. (22) can
be sought in the form of polynomials, and hence, according to the
anisotropic elasticity theory, one has21

Åu1 = 1
2
K11x2

1 + K12x1x2 + K16x1 + 1
2
(K32 ¡ K21)x

2
2 + 1

2
K36x2

(24a)

Åu2 = K21x1x2 + 1
2
K22x2

2 + K26x2 + 1
2
(K31 ¡ K12)x

2
1 + 1

2
K36x1

(24b)

Åu3 = 1
2
K41x2

1 + 1
2
(K42 + " )x1x2 + K46x1 + 1

2
K52x2

2 + K56x2

(24c)

In the preceding expressions, one has to set

K j1 = 2C j1a1 + 6C j2a2 ¡ 2C j3a3 + C j4a4 ¡ 2C j5a5 (25a)

K j2 = 6C j1a6 + 2C j2a3 ¡ 2C j3a1 + 2C j4a7 ¡ C j5a4 (25b)

K j6 = 2C j1a8 + 2C j2a9 ¡ C j3a10 + C j4a11 ¡ C j5a12 (25c)

where the modi® ed compliances Cr s are de® ned as

[Crs] = E ¡ 1 (26)

The constants ai (i = 1, . . . , 12) appearing in Eqs. (25) can be ar-
bitrarily assigned provided that they satisfy the following equation:

¡ 2(C15 + C43)a1 ¡ 6C25a2 + 2(C24 + C53)a3

¡ 2C54a4 + 2C55a5 + 6C14a6 + 2C44a7 = ¡ 2" (27)

Collocating Eq. (22) at each nodal point, a set of linear algebraic
equations is obtained that describes the boundary behavior of the
considered ply. By the enforcement of the interfacial continuity
conditions and the prescribed boundary data and considering all
of the layers that constitute the laminate, one deduces all of the
relationsdesired to solve theproblem.The fundamentalrequirement
of vanishing shear stress at the free edge interface junction can be
taken into accountby means of linear combinationsof the equations
written at the interface corners.34 Once the boundary solution is
determined,Eq. (20) gives the displacementsat the laminategeneric
point P0. The strains at the generic ply point P0 can be calculated
in a pointwise fashion by differentiationof Eq. (20) with respect to
the source point P0 , and consequently, the stresses can be obtained
from the following integral relations:

¾ = E{ * C e

T ¤ (u ¡ Åu) d C e ¡ * C e

U ¤ (t ¡ Åt ) dC e + Å"( P0)}
+ Q1X " (28a)

r 33 = Q2{ * C e

T ¤ (u ¡ Åu) d C e ¡ * C e

U ¤ (t ¡ Åt ) d C e + Å"(P0)}
¡ E46x2 " (28b)

The kernels T ¤ and U ¤ (see Appendix) are obtained by applying
the strain operator D ¤ = Dc¤ ¡ 1 to t ¤ and u ¤ , respectively, whereas
Å" is obtained by applying the strain operator D to the particular
displacement function vector Åu.

Numerical Applications
The method was applied to some typical laminate con® gura-

tions to determine the elastic response under twisting loads. Be-
cause of the crucial role played by the interlaminar stresses in lam-
inate failure, particular care was devoted to the calculation of the
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interlaminarstress distributionsfor which some results are available
in the literature.23 The laminates considered for the analysis con-
sist of plies with rectangular cross section having thickness h and
width 2b = 16h. The material properties in gigapascal are those of
graphite/epoxy ® ber-reinforced laminae:

EL L = 137.9, ET T = ESS = 14.5
(29)

GL T = G L S = GT S = 5.9, m L T = m L S = m T S = 0.21

where the subscripts L , T , and S refer to the along ® ber, thickness,
and width directions. The numerical results presented in this sec-
tion were obtained by using an expresslydevelopedcomputer code.
The ply’s in¯ uence coef® cients are calculated through an adaptive
Gaussian quadrature scheme, which allows one to resolve the ker-
nel singularitiesnumerically.37 The contributiondue to the twisting
curvature h , i.e., the right-hand side of Eq. (22), is calculated by
using a particular solution Ås, which was obtained from Eqs. (24)
and (25) specifying

a5 = ¡ ( " / C55) (30)

and all of the other constants ai equal to zero. The formulation
proposedexactlysatis® es all of the elasticityrelationsand boundary
conditions, and hence, the numerical solution given by the BEM is
actually consistent.Therefore, the accuracyof the resultingsolution
depends on the mesh re® nement only. The mesh arrangement used
to obtain the results presented is shown in Fig. 2. The boundary of
each individual ply is discretized by 104 boundary elements with
linear interpolation functions.By virtue of the symmetries inherent
in the laminates under considerationand in the loading conditions,
only a quarter of the laminate cross section may be considered in
the analysis with the appropriate boundary symmetry conditions
imposed along the x1 and x2 axes.Here, also for standard symmetric
laminates, the entire cross section was discretized with the aim of
testing con® dence in the method in view of more complex analyses.
Prescribed displacement conditions on the displacement functions
u must be superimposedto eliminate the unconstrainedrigid motion
of the cross section.

In Fig. 3 the interlaminar stresses at the top interface of the [45/

¡ 45] S con® guration are shown for a half-width of the laminate by
virtueof the stress ® eld symmetries.The comparisonwith the results
of Yin23 proves the accuracy of the present solution and suggests

Fig. 2 Boundary element mesh for each individual ply.

Fig. 3 Interlaminar stress distributions for the [45/¡ 45]S laminate in
torsion.

Fig. 4 Interlaminar stress distribution for the [0/90]S laminate in tor-
sion.

Fig.5 Cross section deformedshapefor the [0/90] S laminatein torsion,
z = 0.

Fig. 6 Cross section deformed shape for the [45/¡ 45] S laminate in
torsion, z = 0.

Fig. 7 Displacement ® eld for the [0/90] S laminate in torsion, z = 0.
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that the integral equation solution better describes the stress ® eld
behavior near the free edge.

In Fig. 4 the sole interlaminar stress r 23 existing in the [0/ 90] S

con® guration is shown as a function of the width at the 0/90
interface. Again the comparison with the results of Yin23 con® rms
the accuracyof the method. The ef® ciency exhibitedby the calcula-
tionsworkedout and theaccuracyof the resultsobtainedmeaningful
evidenceof computationaladvantagesof the present method. In the
case of four-layer laminates, execution of the computer code takes

Fig. 8 Displacement ® eld for the [45/¡ 45] S laminate in torsion, z = 0.

Fig. 9 Stress ® eld for the [0/90] S laminate in torsion, z = 0.

Fig. 10 Stress ® eld for the [45/¡ 45] S laminate in torsion, z = 0.

about 50 s on a personal computer. Moreover, the comparison of
the solution presented with those already available establishes con-
® dence in the method and the computer code for their use in the
analysis of general con® gurations. For the laminates considered, a
complete analysis of the elastic response was also carried out cal-
culating the displacement and stress ® eld in a pointwise fashion by
means of Eqs. (22) and the discrete form of Eqs. (28).

In Figs. 5 and 6 the cross section deformed shapes at z = 0
for the two, four-ply, symmetric [0/90] S and [45/ ¡ 45] S laminates
are shown, respectively. These results, like those presented in the
following for the stress ® elds, were obtained considering, for each
ply, 96 internal points where the displacement and stress integral
relations were numerically evaluated through Gaussian quadrature
starting from the determined boundary solution.

The displacementcomponentdistributionsfor the same laminates
are shownin Figs. 7 and8. The stress ® eldsaredepictedin Figs.9 and
10. The interlaminar stress distribution near the free edge indicates
that a twisting deformation h produces a very large mode III inter-
laminarstress.This trendis susceptibleto delaminationfailureunder
the shear fracture modes. The proposed method can be straightfor-
wardly extended to the analysis of damage initiation and progres-
sion releasing the interface continuity conditions. The ef® ciency
demonstratedin the calculationsof theelastic responsefor thewhole
laminate suggests that the alternativemethod presented here for the
analysis of composite laminates in torsion could be successfullyap-
plied to more complex and realistic cases, coupling high accuracy
and considerable computational convenience.
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Conclusions
The solutionof theelasticityproblemfora generalcompositelam-

inate undertwisting loadsappliedat the laminate’s ends is presented.
The formulationof the problemis basedon the integralequationthe-
ory, and the governing integral equations are deduced. The model
obtained using this alternative approach solves exactly the problem
by virtue of the complete ful® llment of all of the elasticity relations
and boundaryconditionsinvolved in the problem’s description.As a
consequence, the numerical solution of the formulation through the
BEM leads to solutions for this class of composite laminates that
are consistent because they depend on the mesh re® nement only.
Some solutions for typical laminate con® gurations were obtained,
and the calculationsperformed evidencedthe presenceof meaning-
ful computational advantages of the proposed method. Moreover,
the comparison of the present results with those already available
in the literature proves the accuracy of the solutions obtained and
establishes con® dence in the method for its application to general
con® gurations. In conclusion, the exhibited features indicate the
proposed alternative approach as a powerful tool to investigate the
elastic response of laminated composites in torsion.

Appendix: Fundamental Solutions
The kernels involved in the integral equations for displacements

[Eq. (20)] and stresses [Eqs. (28)] are obtained from the solution of
the following equilibrium equations:

DT EDu j + c j d ( P ¡ P0) = 0 (A1)

in X e, where the vector c j contains the load components and
d (P ¡ P0) indicatesthe Dirac function.Accordingto the anisotropic
elasticitytheory,35 the solutionsof Eq. (A1), i.e., the problemfunda-
mental solutions, depend on the roots of the characteristic equation

a k 3 + b k 2 + c k + d = 0 (A2)

where

a = C11C44 ¡ C 2
14 (A3)

b = 2C14(C24 + C35) ¡ C11C55 ¡ C44(2C12 + C33) (A4)

c = C22C44 + C55(2C12 + C33) ¡ (C24 + C35)2 (A5)

d = ¡ C22C55 (A6)

In the case of distinct and positive roots k i , one has

u j = é
êë
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u3 j

ù úû
= é
êë
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ù úû
é
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A1 j

A2 j

A3 j

ù úû
(A7)

where for j = 1 and 3, the functions } i and w i are given by

} i ( P, P0) = ¡ ( ri )/2 p (A8)

w i (P, P0) = ¡ [ tan¡ 1( Ï k i y/ x)]/2 p Ï k i (A9)

whereas for j = 2, one has to set

} i (P, P0) = ¡ [tan¡ 1( Ï k i y/ x)]Ï k i/2 p (A10)

w i ( P, P0) = ( ri )/ 2 p (A11)

In the preceding relations, the following de® nitions are valid:

x = x1( P) ¡ x1( P0) (A12)

y = x2( P) ¡ x2( P0) (A13)

ri = Ï x2 + k i y2 (A14)

where P is the observed point and P0 is the source point where the
load is applied. Again one has to set

B1i = C11 ¡ C12/ k i + C14 c i (A15)

B2i = C12 ¡ C22/ k i + C24 c i (A16)

B3i = C14 ¡ C24/ k i + C44 c i (A17)

where

c i =
C14 k i ¡ C24 ¡ C35

C55 ¡ C44 k i

(A18)

For j = 1 and 3, the coef® cients Ai j are given by

A j = é
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whereas for j = 2, they are given by
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The traction kernels can be expressed as

t j = é
êë

t1 j

t2 j

t3 j

ù úû
= é
êë

K 1 K 2 K 3

P 1 P 2 P 3

c 1 K 1 c 2 K 2 c 3 K 3

ù úû
é
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(A21)

where for j = 1 and 3,

K i = ¡ (x a 1 + y a 2)/2p r 2
i (A22)

P i = (x a 2 ¡ k i y a 1)/2p k ir
2
i (A23)

whereas for j = 2,

K i = ( k i y a 1 ¡ x a 2)/2p r 2
i (A24)

P i = ¡ (x a 1 + y a 2)/2 p r 2
i (A25)

For P0 belonging to X e the fundamental solutions are, in general,
obtained by setting ci j (P0) = d i j , where d i j is the Kronecker sym-
bol. Upon this condition, if P0 lies on a smooth boundary, one has
ci j (P0) = d i j / 2. The kernels U ¤ = [Ui j ] and T ¤ = [Ti j ] involved in
the integral relations (28), providing the stresses at the source ® eld
point, can be de® ned in terms of their columns as follows:

U ¤
j =

é
êêêêêêë

U ¤1 j

U ¤2 j

U ¤3 j

U ¤4 j

U ¤5 j

ù úúúúúúû

=

é
êêêêêë

B11 f 1 B12 f 2 B13 f 3

B21 f 1 B22 f 2 B23 f 3

(B11 k 1 ¡ B21) v 1 (B12 k 2 ¡ B22) v 2 (B13 k 3 ¡ B23) v 3

B31 f 1 B32 f 2 B33 f 3

B31 k 1 v 1 B32 k 2 v 2 B33 k 3 v 3

ù úúúúúû

é
êë

A1 j

A2 j

A3 j

ù úû
(A26)
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T ¤
j =

é
êêêêêêë

T ¤
1 j

T ¤
2 j

T ¤
3 j

T ¤
4 j

T ¤
5 j

ù úúúúúúû
=

é
êêêêêêêêë

g 1 g 2 g 3

¡ g 1 ¡ g 2 ¡ g 3

k 1 + 1

k 1

l 1

k 2 + 1

k 2

l 2

k 3 + 1

k 3

l 3

c 1g 1 c 2g 2 c 3g 3

c 1 l 1 c 2 l 2 c 3 l 3

ù úúúúúúúúû

é
êë

A1 j

A2 j

A3 j

ù úû
(A27)

where for j = 1 and 3, one has

g i = ¡
(x2 ¡ k i y

2) a 1 + 2xy a 2

r 4
i

(A28)

l i = ¡
2 k i xy a 1 ¡ (x2 ¡ k i y

2) a 2

r 4
i

(A29)

f i = x/r 2
i (A30)

v i = y/r 2
i (A31)

whereas for j = 2, one has

g i =
2k i xy a 1 ¡ (x2 ¡ k i y

2) a 2

r 4
i

(A32)

l i = ¡
k i (x2 ¡ k i y

2) a 1 + 2xy a 2

r 4
i

(A33)

f i = ¡ k i (y/r 2
i
) (A34)

v i = x/r 2
i (A35)

In the case of a cross-ply composite laminate, by virtue of the ma-
terial symmetry in each ply, the fundamental solutions are recov-
ered through a suitable limit procedure applied at the preceding
relations.36
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